We demonstrate the generation of high order terahertz (THz) frequency sidebands (up to 3rd order) on a near infrared (NIR) optical carrier within a THz quantum cascade laser (QCL). The NIR carrier is resonant with the interband transition of the quantum wells composing the QCL, allowing the nonlinearity to be enhanced and leading to frequency mixing. A phonon depopulation based QCL with a double metal cavity was used to enhance the intracavity power density and to demonstrate the higher order sidebands. The 1st order sideband intensity shows a linear dependence with THz power corresponding to a single THz photon, while the second order sideband has a quadratic dependence implying a two THz photon interaction and hence a third order susceptibility. These measurements are compared to the photoluminescence and the QCL bandstructure to identify the states involved, with the lowest conduction band states contributing the most to the sideband intensity. We also show that the interaction for the second order sideband corresponds to an enhanced direct third order susceptibility v Quantum Cascade Lasers (QCLs) are powerful intersubband laser sources operating throughout the mid-infrared (MIR) 1 and terahertz (THz) 2 spectral regions. As well as offering high output powers, they also possess giant optical nonlinearities that are orders of magnitude greater than those of the bulk. 3, 4 These arise when the excitation is resonant, i.e., when the incident photon has exactly the same energy as a specific material transition. A wide range of efficient resonant nonlinear effects have been shown, such as second harmonic generation, sum frequency, 5 and difference frequency generation. [6] [7] [8] These effects are all based on intersubband nonlinearities and take place within the QCL cavity, taking advantage of the large intracavity power density ($MW/cm 2 ). Recently, the enhanced resonant interband nonlinearities of a THz QCL were used to perform intracavity nonlinear frequency mixing. 9 It was shown that a nonlinear interaction between the THz beam of the QCL, E QCL , and a resonant near-infrared (NIR) excitation, E NIR , of the effective bandgap can occur. This results in the generation of first order THz optical sidebands at energies E NIR 6 E QCL . In this case, a QCL based on a bound-to-continuum design was used where the injected NIR was resonant with the miniband and the difference frequency was generated by a virtual state.
High order sideband generation, E NIR 6 nE QCL with integer n > 1, is often reported in experiments involving a THz beam provided by a free electron laser (FEL) and using a weak near-infrared laser (see, for example, Refs. 10 and 11). These higher order sidebands can only be generated through the use of the intense THz field interaction with excitons of a quantum well system. Indeed, 18th order sidebands have been recently observed using electron-hole re-collisions where the THz beam was used to accelerate the electron strongly from the bound electron-hole pair. 12 However, the generation of such higher order sidebands, E NIR 6 nE QCL (n > 1), has not been observed in any QCL based experiments 13, 14 or in FEL measurements involving only electronic states, i.e., when the excitons are screened. 15 In this letter, we demonstrate the generation of higher order sidebands up to the 3rd order, i.e., E NIR 6 3E QCL . Compared to our previous demonstrations 9 with a bound-tocontinuum QCL in a single plasmon waveguide, here a longitudinal-optical (LO) depopulation based QCL with a double metal waveguide is used. As well as allowing high powers, 16 the THz field is confined into a smaller subwavelength volume and results in facet reflectivities approximately three times higher. This leads to intracavity power densities of tens of kW/cm 2 . This permits the development of fields within the cavity that are sufficiently large to observe higher order effects. We also deduce the interband resonances involved and show that the nonlinear sidebands are a purely electronic phenomenon.
The GaAs/AlGaAs QCL used is based on a LO-phonon depopulation design operating at 2.9 THz (E QCL ¼ 12 meV). 17 The sample was processed into 100 lm wide and 12 lm thick double metal waveguides, and the laser bars were cleaved to a cavity length of 1.5 mm. The samples were cooled to 10 K in a continuous flow helium cryostat. The NIR excitation was provided by a continuous wave Ti:sapphire laser ($200 lW). The NIR beam is coupled in to the QCL cavity via a high numerical aperture objective (optical density of $250 W/cm 2 ) and is coupled out by a reflective objective at the opposite facet. The QCL was operated in pulsed mode with the Ti:sapphire laser synchronized to the QCL's modulation using an acousto-optic modulator. The transmitted difference frequency was then detected by a CCD camera after it has been focused through a NIR spectrometer. A dispersive grating (1800 lines/mm) was used to measure an energy range of 7 meV. The pump and each sideband order are detected (2013) separately by varying the centre position of the grating in order to allow averaging of the spectra for each order without saturating the CCD with the NIR pump beam.
Figure 1(a) shows the schematic process involved in the nonlinear optical interaction for the first and second order sidebands. An interband excitation in the NIR (black arrow) is resonant with the interband transition between the valence and conduction band of the QCL. The green states indicate the laser transition in the conduction band generating the THz QCL photons. The nonlinear interaction between the NIR and THz photons and the quantum wells within the QCL cavity results in difference frequency generation. The dark red and blue arrows correspond to generation of the first (E NIR -E QCL ) and second order sidebands (E NIR -2E QCL ), respectively, from virtual states (dashed lines) below the gap. The latter point permits the strong interband absorption of the sideband emission to be avoided. Figure 1(b) shows the typical spectra of the first (E 1st ¼ 1516.3 meV) and second (E 2nd ¼ 1504.8 meV) order sidebands, as well as the pump laser beam. The pump is transverse magnetic (TM) polarized for excitation of transitions from light holes. 9 (The pump detected on the CCD camera is a parasitic part of the NIR beam which is not coupled into the QCL waveguide.) Here, the pump energy is slightly larger than the effective bandgap (E NIR ¼ 1528.2 meV) such that the first order interaction is maximized. 9 The first and second order sidebands are exactly separated from the pump by E QCL and 2E QCL , respectively, and only appear when the QCL is operated above laser threshold. The second order sideband is considerably less intense than the first order sideband and required a longer integration time (90 s instead of 1.5 s) to obtain a good signal-to-noise ratio. The first order sideband is a replica of the THz spectrum of the QCL, whilst the second order is more complex with additional modes due to the inter-mixing of the THz QCL Fabry-P erot modes. 18 The measured efficiencies for each sideband are P 1st /P NIR ¼ 2.6 Â 10 À4 and P 2nd / P NIR ¼ 3.6 Â 10
À7
, where P NIR is the transmitted intensity at transparency (i.e., with the energy of the pump below the interband excitation). The third order (E NIR -3E QCL ) is also observed (see inset of Figure 1(b) ) but, owing to its weak intensity, only when the pump energy is well above the bandgap and when the generated beam is close to the bandgap of the material (see below).
Each sideband order exhibits a particular dependence on THz power. Figure 2 shows the sideband intensity as a function of the current density above the laser threshold, where the THz output power of the QCL exhibits a linear behavior. (The inset of Figure 2 shows the THz QCL light-currentvoltage (LIV) characteristics with the laser threshold at 215 mA (J th ¼ 143 A/cm 2 ).) The intensity of the 1st order sideband is linear with the current density as expected for a second order nonlinear process, which can be described as P 1st /jv (2) j 2 P QCL P NIR with v (2) the second order susceptibility, and P QCL and P NIR are the intensities of the THz and   FIG. 2 . Integrated spectrum for both orders as a function of current density above laser threshold. The pump excitation energy is such that both sidebands are generated at the same energy (1.516 eV). The second order intensity is multiplied by a factor of 60. Dotted lines are linear and quadratic fits to the 1st and 2nd order data, respectively. The threshold current density ($130 A/cm 2 ) has been subtracted for clarity and for the fitting. The QCL was operated with a 25% duty cycle at 50 kHz. Inset: L-I-V measurement of the QCL showing a linear dependence of the THz output power as a function of current above threshold.
FIG. 1. (a)
Schematic of the resonant non-linear process for the generation of the 1st order (E NIR -E QCL ) and 2nd order (E NIR -E QCL ) sidebands in a QCL operating at E QCL (green arrow between states E U and E L ). A NIR pump E NIR (black arrow) is in resonance with the interband transitions of the QCL. This allows the generation of a lower energy beams separated from the pump by E QCL and 2E QCL (red and blue arrows). b) Sideband spectra with a pump excitation at 811.5 nm (1.528 eV), above the effective band gap of the QCL. The QCL is driven at a current density of 255 A/cm 2 with a 50% duty cycle at a 50 kHz repetition rate. The 1st and 2nd order (intensity Â100) sidebands are separated from the pump by E QCL and 2E QCL , respectively. Inset: 3rd order harmonic for a pump excitation of 1.55 eV
221101-2
Cavali e et al.
Appl. Phys. Lett. 102, 221101 (2013)
NIR pump beams, respectively. The 2nd order sideband instead has a quadratic dependence, in agreement with a third order process involving two THz photons, i.e., P 2nd / jv (3) j 2 P QCL 2 P NIR , where v (3) is the third order susceptibility. Care was also taken to verify that there was no second harmonic generation of the QCL emission itself, i.e., 2E QCL ($24 meV), which was then being upconverted directly to the NIR. The spectra of the QCL were acquired with a Fourier transform infrared (FTIR) spectrometer that showed no emission at twice the QCL frequency. Combined with the intensity behavior explained above, this confirms the third order effect.
An estimation of v (3) can be achieved following the formalism of Sutherland et al., 19 where the efficiency is given by
where P 2nd (n 2nd ), P NIR (n NIR ), and P QCL (n QCL ) are the intensities (refractive indices) of the second order beam, the input NIR pump, and the THz QCL, respectively, L is the QCL cavity length, k 2nd is the generated wavelength, c is the speed of light, S is the interaction area, Dk is the phase mismatch, and a p is the NIR pump loss. A similar expression can be obtained for the 1st order efficiency based on the second order nonlinearity v (2) . 19 Assuming that the pump beam losses ($1000 cm
À1
) are the predominant factor for the efficiency such that the phase mismatch can be neglected, we infer values of v 1), we observe that the third order efficiency is proportional to 1/S 2 while for the second order process the efficiency is proportional to 1/S. 9 This difference in the efficiency explains why the 2nd order sideband is not as efficient in the single plasmon waveguide. Indeed, S 2 is $8.1 Â 10 7 lm 2 for a single plasmon waveguide and S 2 $ 0.14 Â 10 7 lm 2 for a double metal waveguide. The intensities of the 1st and 2nd harmonic were also studied as a function of the pump energy to determine the resonant nature of this optical mixing (Figure 3) . The 1st order sideband shows only one resonance (for E NIR ¼ 1.528 eV) in intensity while two resonances are observed for the 2nd order sideband (at 1.528 eV and 1.540 eV). The range of pump energies where the second harmonic is observed is considerably wider than for the first order. This is due to the fact that while at high pump energies the 1st harmonic generation is above the effective gap and so completely absorbed by the active region, the 2nd harmonic is still emitted below the gap in the transparency region. Indeed it can be observed that the 1st order sideband intensity drops considerably after its resonance due to its efficiency being convoluted with the absorption from the bandgap edge.
Although difficult to distinguish, the second order sideband appears to be a direct process based on a direct v (3) , rather than an effective v (3) eff process which would result from a cascaded second order nonlinear susceptibility v (2) Â v (2) . 20 The latter corresponds to the generation of a 1st order sideband, which in turn can generate another sideband through another THz photon (2nd order). For the case shown in Figure 1 , when the pump is placed at the energy of the 1st order sideband, no signature of its own 1st order sideband is observed as the pump is not in resonance with the gap, ruling out the possibility of a cascaded second order effect. Instead, a direct third order process is observed as the 2nd order sideband occurs even when the 1st order sideband is below the interband transition and thus not in resonance with the bandgap.
Photoluminescence (PL) measurements (Figure 4 (b)) were performed and compared with the simulated electronheavy hole overlap (Figure 4(c) ) and the sideband intensity (Figure 4(a) ) to identify the origin of the resonances. 9 As the PL emission stems from transitions having the lowest energy, i.e., involving heavy holes states, it is compared to the sideband intensity for a TE polarization of the NIR pump (Figure 4(a) ). The bandstructure of the device is shown in Figure 4 (d). As in Ref. 21 , the energy of the PL is red-shifted because of Joule heating of the QCL (around 2 W is applied to the QCL for these experiments) and this was taken into account by a 5 meV redshift of the calculated overlaps to coincide with the lowest simulated interband transition with the main peak of the PL (at 1.525 eV). 21 The first resonance in the sideband intensity for a TE pump excitation can be identified as being due to the transition in the largest well between the first confined heavy hole state (jH1i in Figure  4(b) ) and the injector state of the QCL labelled jE1i/jE2i. The second resonance appears to fit with the transition jH3ijE4i. For both orders the strong absorption of the material above 1.521 eV plays an important role and prevents the observation of sidebands at higher energies.
The third order sideband shown in the inset of Figure 1 was observed at an energy of E 3rd ¼ E NIR -3E QCL ¼ 1.515 eV with the NIR pump at an energy of 1.55 eV corresponding to resonances with higher subbands (Figure 4(c) ). The sideband FIG. 3 . Integrated spectra of each sideband as a function of NIR pump energy. The QCL was driven at 192 A/cm 2 with a duty cycle of 25% at 50 kHz. The second order intensity is multiplied by a factor of 60.
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Cavali e et al. Appl. Phys. Lett. 102, 221101 (2013) is observed close to the band edge, where the 1st and 2nd orders also appear with maximum intensity efficiency. This would correspond to a v (4) process although noise in the measurements prevents a quantitative analysis of the 3rd order harmonic intensity dependence on current density to confirm this. Indeed, the power of the 3rd harmonic is low (less than 0.1 pW).
In conclusion, we have demonstrated high-order sideband generation of an optical excitation in a THz QCL. This has been achieved by using the strong confinement of a THz field in double metal waveguides, resulting in large intracavity fields that permit the generation of sidebands from the 1st to 3rd order. Even higher order sidebands could be observed through a higher power QCL and through different excitation geometries (e.g., a split cavity scheme or reflective geometry) to avoid the absorption of the pump and generated beams.
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